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Abstract 
The topic of this article is the investigation of the free bending vibration of single-walled carbon nanotubes (SWCNTs). 
The underlying theory of frequency computation is based on nonlocal theory of beam bending. The solutions of frequency 
equation are given for four types of boundary conditions: clamped-free (C-F), simply-simply supported (S-S), clamped-simply 
supported (C-S) and clamped-clamped (C-C). The graphical outputs of computations are given only for limited number of cases 
that are able to characterize influences of parameters in question.  
© 2014 The Authors. Published by Elsevier Ltd. 
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1. Introduction 
Intensive research of carbon nanotubes is connected with publication of famous Iijima paper [7]. This paper has 
opened a new area in material science research and nowadays different properties of carbon nanotubes are 
investigated. Carbon nanotubes with their interesting mechanical properties, especially high tensile strength and 
Young modulus attracts attention of engineers and researches. However, not only mechanical properties 
of nanotubes attract attention of researches. Intensive research is also oriented to their application in electrical and 
chemical engineering, as well as in biological sciences. Accordingly, the theories of investigation are based on many 
different theories and treatments, in many cases on so-called multiphysics. In mechanics we use different theories 
for measurement of properties of carbon nanotubes, many of them indirect. One from many theories that can be used 
for such purposes, is the theory of nonlocal elasticity proposed by Eringen [4]. It takes into account the scale effect 
and its influence to stress at the reference point of a body and accordingly the stress at a point is a function of strain 
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field at every point of body. A thoroughly review of nonlocal elastic models of carbon nanotubes is given in [1] and 
nonlocal theory based on Euler beams is elaborated in [16]. The results of several investigations of properties 
of SWCNT are well documented in [1-6, 10, 13, 15-18]. 
 
Nomenclature 
iC  constants 
D  diameter of nanotube 
E  Young’s modulus 
0e  material constant 
I  moment of inertia 
il  characteristic length 
m  mass per unit length 
(n,m) lattice translation indices 
u  transverse displacement 
x  coordinate along the length of a beam 
H xx   normal strain P  scaling factor 
V xx  normal stress  M( )x  eigenshape 
Z  angular frequency of free vibration 
 
2. Bending vibrations of carbon nanotubes 
2.1. Vibrations of SWCNTs from the point of view of nonlocal theory 
The classical theory of elasticity is bases on assumption of local action of physical quantities. It means that 
the stress at a given point is in correspondence with the strains in its neighborhoods. However, in the nonlocal 
theory the stress state at the point is influenced by strains in all points of the investigated body [4, 9]. In accordance 
with this assumption, the behavior of homogeneous isotropic beam can be described by the following equation [16] 
VV P Hw  w
ʹ
ʹ ǡ   (1) 
where V H, ,xx xx E  are normal stress, normal strain and Young’s modulus, respectively. The scaling factor P  
reflects the effect of small length scale and it can be expressed by equation 2 20 ,P  ie l  where 0e  is the material 
constant and il  is an internal characteristic length. In classical theory, parameter P  is used for modeling 
of bending, buckling and free vibration problems of beams [8, 12]. The Euler beam theory that is applicable 
for description of free vibration of nanotube in the frame of nonlocal theory leads to equation [16] 
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Here, ,m I  and u  are the mass per unit length, the moment of inertia of cross-section area of a nanotube and 
the transverse displacement, respectively. Fourier method of separation of variables leads to the system of two 
ordinary differential equations for the problem in question. One equation depends on time variable and the second 
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one is related to spatial variable .x  Assumption that nanotube has a constant cross-section area leads to differential 
equation 
M E M  4( ) ( ) 0,IV x x  (3) 
where M( )x  is eigenshape and for E  we have equation 
2
4 .m
EI
Z PE   (4) 
The quantity Z  in equation (4) is an angular frequency of free vibration and by using E  we come from (3) to 
the solution  
M E E E E   1 2 3 4( ) sin( ) cos( ) sinh( ) cosh( ),x C x C x C x C x  (5) 
where 1 2 3 4, , ,C C C C  are the constants depending on boundary conditions applied to the ends of investigated beam.  
2.2. Numerical simulations 
In the paper are solved free vibrations of the armchair type of carbon nanotubes with boundary conditions 
of following types: clamped-free (C-F), simply-simply supported (S-S), clamped-simply supported (C-S) and 
clamped-clamped (C-C). The length of carbon nanotube is L and for armchair nanotubes the lattice translation 
indices (n,m) can be written as (n,n). Schema of graphene sheet and carbon nanotube is given in Fig. 1. 
 
Fig 1. Schema of the hexagonal lattice; a) sheet b) nanotube 
The frequency equations for given boundary conditions are 
(C-F):    1 cos( )cosh( ) 0,L LE E   (6) 
(S-S):    sin( )sinh( ) 0,L LE E   (7) 
(C-S):    sinh( )cos( ) cosh( )sin( ) 0,L L L LE E E E   (8) 
(C-C):    > @2 2cos ( ) cosh ( ) 2 cos( )cosh( ) 0.L L L LE E E E    (9) 
The frequency equations for given boundary conditions have infinite number of solutions  EL  due to treatment 
of beam as a continuum. The values of  EL  for the first 10 eigenfrequencies were computed in Matlab and they 
are given in Table 1.  
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Table 1. Solutions of frequency equations 
Eigenfrequency 
No. 
Value of  EL  for boundary conditions 
C-C C-S C-F S-S 
1. 4.7300407448 3.9266023120 1.8751040687 3.1415926535 
2. 7.8532046240 7.0685827456 4.6940911329 6.2831853071 
3. 10.9956078380 10.2101761228 7.8547574382 9.4247779607 
4. 14.1371654912 13.3517687777 10.9955407348 12.5663706143 
5. 17.2787596573 16.4933614313 14.1371683910 15.7079632679 
6. 20.4203522456 19.6349540849 17.2787595320 18.8495559215 
7. 23.5619449020 22.7765467385 20.4203522510 21.9911485751 
8. 26.7035375555 25.9181393921 23.5619449018 25.1327412287 
9. 29.8451302091 29.0597320457 26.7035375555 28.2743338823 
10. 32.9867228626 32.2013246992 29.8451302091 31.4159265358 
 
The angular frequencies Z  are computed according to equation (4) and frequencies f  from relation Z S /2 .f  
In case of nanotubes there is uncertainty in definition of thickness of the nanotube shell. However, in the literature 
are given some relations that can be used in (4). Here, we apply relations from [11, 14]  
> @U   u 242.4 10 kg/nm ,m A D  (10) 
ª º   ¬ ¼2 3 2428.48 397.08 109.24 kgnm /s ,EI D D  (11) 
where D  is a diameter of nanotube. The nanotube diameter can be computed from equation 
S   2 202 3( ) / ,D R a m n mn  
where 0 1.42a   Å is a carbon–carbon bond length and for armchair nanotube we have  .m n  
Because of huge number of possible parameter combination, the results are given only for the first four 
eigenfrequencies for diameter  ǤʹͲ͵ͶͲ   (corresponds to (n,n) = (15,15)) nanotube. The graphs on Figs. 2 to 6 
show dependencies of eigenfrequencies on the length L of carbon nanotube supported by boundary conditions 
of type S-S. The nonlocal parameter is 0.01, 0.04, 0.1, 0.3 and 0.4, respectively.  
 
Fig. 2. Variation of the first four flexural eigenfrequencies with the length L of nanotube 
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( P   ͲǤͲͳǡ ʹǤͲ͵ͶͲ ǡ  armchair SWCNT with S-S boundary condition) 
 
Fig. 3. Variation of the first four flexural eigenfrequencies with the length L of nanotube 
( P   ͲǤͲͶǡ ʹǤͲ͵ͶͲ ǡ  armchair SWCNT with S-S boundary condition) 
 
Fig. 4. Variation of the first four flexural eigenfrequencies with the length L of nanotube 
( P   ͲǤͳǡ ʹǤͲ͵ͶͲ ǡ  armchair SWCNT with S-S boundary condition) 
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Fig. 5. Variation of the first four flexural eigenfrequencies with the length L of nanotube 
( P   ͲǤ͵ǡ ʹǤͲ͵ͶͲ ǡ  armchair SWCNT with S-S boundary condition) 
 
Fig. 6. Variation of the first four flexural eigenfrequencies with the length L of nanotube  
( P   ͲǤͶǡ ʹǤͲ͵ͶͲ ǡ  armchair SWCNT with S-S boundary condition) 
3. Conclusions 
In the paper the free vibration of armchair single-walled carbon nanotubes was studied by nonlocal beam theory. 
The general results of solutions of frequency equations are given in the form of table and specific results for the first 
four bending frequencies for one type of boundary condition and one value of diameter are represented in graphs. 
The frequencies are functions of length of nanotube as well as nonlocal parameter. It was found out that the first 
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eigenfrequency declines with increasing aspect ratio and small values of nonlocal parameter lead to higher 
eigenfrequencies. 
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